Introduction.
In his study on the applications of functional analysis to numerical analysis L. V. Kantorovich [l] proves the following inequality: Lt?iaiH G. E. Forsythe, who edited the translation of Kantorovich's paper, included the following remark about this footnote:
"It is not clear to me that Kantorovich's inequality really is a special case of that of Polya and Szego." Examining the relation between the two inequalities more closely we found that this remark is well justified and can be made even more specific in that the inequality of Polya and Szego in the form (4) is a special case of the Kantorovich inequality
(2). This is rather obvious. With given ak, bk (k = 1, 2, • • • , n) subject to ( However, this remark about (2) including (4) does not give a complete picture about the relationship between the two inequalities. The P61ya-Szeg6 inequality is a direct specialization of the following more general inequality which in turn is equivalent to the Kantor- Er.,ft<«> then
One realizes that the specialization Si= ••• = £»= 1; & = 0 for k > n which leads from (5) to (4) is very restrictive and results in (4) not having a geometrical interpretation like (5). Furthermore the inequality (4) ceases to have a meaning for«-> oo. In fact, for «->•«> both the numerator and denominator of the center term of (4) tend to infinity (while the whole term of course stays finite).
We shall not show at this point that the inequalities (5) and (2) are equivalent.
This will be an easy consequence of a proof given later.
The subject of this paper is the proof of a generalized form of the inequality (2) for linear, bounded and selfadjoint operators in Hilbert space. This generalized Kantorovich inequality proves to be equivalent to a similarly generalized form of the inequality (5) which we shall call the generalized Polya-Szego inequality. Our generalized Kantorovich inequality is already implicitly contained in the paper of L. V. Kantorovich.
However, its proof there involves the use of the theory of spectral decomposition for the operators in question. The proof we shall present here will proceed in a considerably simpler way.
The generalized Kantorovich inequality.
Theorem 1. Given a linear and self adjoint operator A of the Hilbert space H. If the operator A fulfills the condition2
Proof. The left hand side of the inequality follows directly from Schwarz's inequality3
We shall first prove the right hand side of (7) for finite dimensional spaces H. Then we will show that the proof for the general case can be reduced to that of the finite dimensional case. for all x£i7.
Proof.
(1) It is rather obvious that Theorem 1 is contained in Theorem 2. In fact, let C be any given selfadjoint operator H with 0 < ME ^ C ^ ME. ior all x£i7 and this is the statement of Theorem 1. (2) We will now show that the reverse is also true, i.e., that Theorem 2 is a consequence of Theorem 1.
For the selfadjoint operator C = AB~1 we have from (21) mi Mi 0 <-E^C ^-E.
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Therefore, we find from Theorem 1 that
for all x£il.
From the permutability of A and B it follows that this will also hold true4 for the operators A1'2 and B1'2. Using this together with the selfadjointness of all operators6 involved we obtain for x = (ABY'2y: 4. Special cases. We shall now show that the Kantorovich inequality is a direct specialization of Theorem 1, while the same holds true for inequality (5) in regard to Theorem 2. At the same time this will prove that the inequalities (5) and (2) 
